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EQUATIONS OF SHIMURA CURVES OF GENUS 2
JOSEP GONZA´LEZ, VICTOR ROTGER
Abstract. We present explicit models for Shimura curves XD and Atkin-
Lehner quotients XD/〈ωm〉 of them of genus 2. We show that several equations
conjectured by Kurihara are correct and compute for them the kernel of Ribet’s
isogeny J0(D)new → JD between the new part of the Jacobian of the modular
curve X0(D) and the Jacobian of XD.
1. Introduction
Let BD be the indefinite quaternion algebra over Q of reduced discriminant
D = p1 · ... · p2r for pairwise different prime numbers pi and let XD/Q be the
Shimura curve attached to BD. As it was shown by Shimura [23], XD is the coarse
moduli space of abelian surfaces with quaternionic multiplication by BD.
Let W = {ωm : m | D} ⊆ AutQ(XD) be the group of Atkin-Lehner involutions.
For any m | D, we shall denote X(m)D = XD/〈ωm〉 the quotient of the Shimura
curve XD by ωm. The importance of the curves X
(m)
D is enhanced by their mod-
uli interpretation as curves embedded in Hilbert-Blumenthal surfaces and Igusa’s
threefold A2 (cf. [21], [22]).
The classical modular case arises when D = 1. In this case, automorphic forms
of these curves admit Fourier expansions around the cusp of infinity and we know
explicit generators of the field of functions of such curves. Also, explicit methods
are known to determine bases of the space of regular differentials of them, which
are used to compute equations for quotients of modular curves.
When D 6= 1, the absence of cusps has been an obstacle for explicit approaches to
Shimura curves. Explicit methods to handle with functions and regular differential
forms on these curves are less accessible and we refer the reader to [3] for progress
in this regard. For this reason, at present few equations of Shimura curves are
known, all of them of genus 0 or 1 (cf. [13], [11], [6]). In addition, in a later work,
Kurihara conjectured equations for all Shimura curves of genus 2 and for several
curves of genus 3 and 5, though he was not able to give a proof for his guesses (cf.
[14]).
In this paper, we present equations for thirteen genus two bielliptic Shimura
curves and Atkin-Lehner quotients of them.
In particular, we prove that the equations suggested in [14] for X26, X38 and X58
are unconditionally correct. In turn, this has allowed us to explicitly determine the
kernel of Ribet’s isogeny J0(D)
new→ Jac(XD) and to prove that Ogg’s prediction
in [17] is also correct for these cases.
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The remaining 10 curves presented here are the only bielliptic curves X
(m)
D ,
m 6= 1, of genus 2. Phrased in other terms, this is the complete list of all genus two
curves X
(m)
D whose hyperelliptic involution is not of Atkin-Lehner type. Note that
a phenomenon of this kind was already encountered in the modular setting by the
curve X0(37). Our method can also be used to determine equations for genus two
bielliptic Shimura curves with nontrivial Γ0-level structure, of which there exist 89.
For the sake of brevity, these will not be considered in this work.
2. Explicit models of bielliptic curves of genus 2
Proposition 2.1. Let C be a genus two curve defined over a field k of characteristic
not 2 or 3 and w its hyperelliptic involution. Assume Autk(C) contains a subgroup
〈u1, u2 = u1.w〉 isomorphic to (Z/2Z)2 and let us denote by Cui the elliptic quotient
C/〈ui〉. If the two elliptic curves
E1 : Y
2 = X3 +A1X +B1 , E2 : Y
2 = X3 +A2X +B2 ,
are isomorphic to Cu1 and Cu2 resp. over k, then C admits a hyperelliptic equation
of the form y2 = ax6 + bx4 + cx2 + d, where a ∈ k∗, b ∈ k are solutions of the
following system:
(1)
{
27a3B2 = 2A
3
1 + 27B
2
1 + 9A1B1b+ 2A
2
1b
2 −B1b3
9a2A2 = −3A21 + 9B1b+A1b2 ,
c = (3A1 + b
2)/(3a), d = (27B1 + 9A1b+ b
3)/(27a2) and the involution u1 on C is
given by (x, y) 7→ (−x, y).
Proof. If C has a nonhyperelliptic involution u1 defined over k, then C/k admits
an equation of the form
(2) y2 = ax6 + bx4 + cx2 + d , a, b, c, d ∈ k ,
and the involution u1 acts sending (x, y) 7→ (−x, y). Indeed, due to the fact that
the morphisms C → C/〈ui〉 are defined over k there are ω1, ω2 ∈ H0(C,Ω1C/k) such
that u∗1ω1 = ω1, u
∗
1ω2 = −ω2. The functions x = ω1/ω2, y = dx/ω2 must satisfy
a relation of the form y2 = f(x), where f ∈ k[x] has degree 5 or 6 and does not
have double roots (see Proposition 2.1 in [7]). Then, u∗1(x) = −x and u∗1(y) = y. It
follows f(−x) = x and, in particular, deg f = 6.
Given an equation for C as (2), the elliptic curves
C1 : Y
2 = aX3 + bX2 + cX + d , C2 : Y
2 = dX3 + cX2 + bX + a
are k-isomorphic to Cu1 i Cu2 respectively, due to the fact that the nonconstant
morphisms π1 : C → C1, (x, y) 7→ (x2 , y) i π2 : C → C2, (x, y) 7→ (1/x2 , y/x3)
are defined over k and satisfy πi ◦ ui = πi, i ≤ 2. Therefore, every curve Cui is
isomorphic over k to the curve Y 2 = X3 +AuiX +Bui , where
(3)
{
Au1 = −b2/3 + a.c , Bu1 = 2 b3/27− a.b.c/3 + a2.d ,
Au2 = −c2/3 + b.d , Bu2 = 2 c3/27− b.c.d/3 + a.d2 ,
and, thus, there exist µi ∈ k∗, i ≤ 2, such that:
Auiµ
4
i = Ai , Buiµ
6
i = Bi .
It can be easily checked that the curve
y2 = a
µ41
µ22
x6 + bµ21x
4 + cµ22x
2 + d
µ42
µ21
